Condensed Matter Theory

Luca Buiarelli

ABSTRACT: Lecture notes for the course Condensed Matter Theory 1, taught by Brian M.
Andersen.
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1 Second Quantization
1.1 1D Chain
We begin with a classical 1D discrete chain
2

N (g2
H=3), (;;1+Trgu(¢j—¢j+1)2>» (1.1)
j=1

with ¢; being the displacement and m; the momentum of the chain in the j-th site, N the
total number of sites. If the spacing between the sites is a, the Fourier components of

and ¢; can be written as
¢ = \/1N Yo b, = \;ﬁ D meel . (1.2)
q q
Imposing periodic boundary conditions means that ¢n+1 = ¢1, so

. 2
elaNa _ 1 — q= N—Fn, withn € Z. (1.3)
a

In the kinetic term we get

> (7)) 2%
J _ (7‘(‘ eiqaj)(ﬂ_ /eiq’aj)
q q
Jj=1 2m 2mN J=1 q,¢
1 1
— = i(q+q )aj
3 2T | Z ¢ (1.4)
a9 Jj=1
6qyfq/
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and doing the same for the potential energy we get the Hamiltonian

H= Z <271n7rq7r_q + m;qqﬁqqﬁ_q> , wg = 2w ’sin (%) ‘ (1.5)
q
We now procede with a canonical quantization of the conjugate variables
[$g, 7] = ihdg,q (1.6)
o= et T
— {aq,a;,] = 0g.q' (1.8)

SO aq,a]; are the annihilation/creation operators for the mode ¢q. The Hamiltonian, now
diagonalized, becomes



H= Zq: hwq (aqag + ;) (1.9)

Now, the next one is the most important step of all: instead of giving ¢;, m; for every site,
we describe the many-body system by saying how many excitations n, there are in every
mode ¢

T ()
|¥) = |n1,n9,....,nN) = Lo (1.10)
1,12 N ql;[l N

with |0) vacuum state. That’s what we will try to do now on for every many-body system
we encounter.

1.2 New operators

The second most important step is to promote the wave function to an operator field

P@) - b (1.11)

In standard QM the expectation values of (hermitian) operators can be seen as a functional
O[Y,¢*], so we also promote them to operators O (think that functionals are just the
simplest case of operators). For example, the kinetic energy becomes

h? 5
v [dro) (o) v = 1= [dn [ @il (- 192) sa-niw),
m
(1.12)
Notice that we have two kinds of operators: field operators and observable operators Why
does it make sense to turn the wave function into an operator? Let’s take a state |t (t)) in

Hilbert space and a complete set {|m)}, such that > |m) (m| = 1. We can expand the
state onto this basis

= _Im){ml(t) (1.13)

Using Schroedinger’s equation and projecting onto a state |n) we get

<nllﬁ S [¥(t) = (n|H|m) = > (nlHm)(m|¢(t)) (1.14)

m

(1.15)
i (t) Z Hpnth, () (c.c.)

To finsh off, let’s look at the expectation value of the Hamiltonian

(H) = (1) Hp(1) ZZHnmw Un(t) (1.16)

@Z}n = ”wn) <H> 1.17
7 {ZWJZ = awn (H) 17



Notice that they look exactly like Hamilton’s equations for Classical Mechanics, this means
that (i, ,ih1},) are canonically conjugate variables. In analogy with what we did in stan-
dard QM with position and momentum (g, p), we can promote these variables to operators
and impose the commutation relations

[i’m@m]i = [&L?@Mn]i =0, (1'18)
[@ﬁn,%ﬁfn]i = G- (1.19)

This commutation/anti-commutation algebra leads to the properties of bosons (harmonic
oscillator) for the minus sign or fermions for the plus sign.

1.3 Whatever basis

Let’s start in the most general case, later we will see special cases where the basis sets are
eingestates of the position operator, or the momentum operator, or the Hamiltonian. For
two complete sets {|n)}, {|m)}

=Y vl = izmw 20

where the symbol jf is used meaning that the sets could be either discrete or continuous,
leading to ¥ and ¢ being either discrete coefficients or functions. Projecting onto an element
of the "tilda" basis we get

o= (il 0) = Y i) v ——— b = Yl (1.21)

2nd quant.
n n

which is the rule for how field operators transform. Notice how in the case of position

kz we get the definition of the Fourier transform of

and momentum basis, since (z|k) o €’
field operators. If the complete sets we are switching through are orthonormal then the

commutation realations are conserved

~—

Onp
N———
1

Gl = Yo moln) 0l = 1 | oo 1) =,y

n,p

1.4 Position eigenstates basis

The ladder operators can create states from the vacuum in different basis. In real space for
example they can be used to create eigenstates of position

¥1(@)]0) = |a)

From the continuous orthonormality relation we get

8(z —a') = (zfa’) = (Ol ()T (a")]0) (1.23)



and since the effect of the lowering operator is 1/3(w)|0> = 0, we can insert the commuted
term and get the commutator inside

8(z — ) = (0l[ih(x) , ' (a")]..|0) (1.24)

which of course it’s just the continuous version of 1.19.

We can create multiple eigenstates of position
@1, zn) = PF(@n). 1 (21)]0) (1.25)
which can then be used to write the good old wavefunction for a many-body state |¥)

U(zy,....,zy) = (x1,...,zN|P)

. . (1.26)
= (0] (z1)... 00 (an)|¥)

1.5 Energy eigenstates basis

If {|n)} are the eigenstates of H, then they form a complete set because of the spectral
theorem (I:I is an observable so it’s hermitian). In its eigenstates basis H is diagonal

(n|H|m) = Empm,  H=> i Enbpmtbm = Y Enthlthn . (1.27)
nm n
For example in real space we would get

=328 [ @ataln)'@) [ Eoial)it)

V

’Lp’ﬂ ’(Z'n

=3 B [ Eatelyil@) [ Eyomlyi)
- Z<n|ﬁ|m>/d3x<x|n>¢f(:c)/d?’y(m\y)&(y)
= [ [ @by 3 el nl ) (mly) )i )

- / Pa / Py(e) (ZW(TL!) H (Zrm> <m\> )9 (@)d(y)
= [ &% [ @yl b @i

For a free hamiltonian we have (z|H|y) = vx d(x —y), so

A= [@iie) (—w) b(a) (1.20)

which is what we said at the beginning of the chapter about promoting QM’s expectation

(1.28)

values to operators.



1.6 Momentum eigenstates basis

When a system has translational invariance it is useful to use the eigenstates of momen-
tum as a basis, since the momentum is the generator of space translations. The particle
annihilation operator is

bla) = 3 (ela) & fze"w

q
The free Hamiltonian then is
0 h2 3 2
H” = “om d MZ)T( ) Y(z)
v [a Y e o
= — d’x e T & (zq) ' e,
2mV
m 9,9
h? a1
=2 (@) ey v APz 00T
a9
6q’,q

A two particle state for Fermions is naturally anti-symmetric
(W) = |k1, ko) = ék20k1‘0>

V(z1,22) = (x1,72|¥) = (0| (21)9 ($2)0k20k1\0>

= (Ol (x1) () / e lelky) it (@) / @y (ylka)d ()]0)

—~

/ / dy Y (0 (e o (wa) (2)8 (3)]0)

=i [ [ dyetetn Qo) [ @) + i - )] Hiw))
/d3x/d3y eth2rethy (| {_¢(x1)iw(90)5($2 —y)+ w(xl)lﬁ(y)‘s(@ —x)||0)
/ / @By MY [§(2y — )6(a — ) — (21 — )8 (22 — )

zklrl zkgmz . eiklmzeik2x1>

1.7 Annihilation and creation operators

In analogy with what we did for the harmonic oscillator, we call the number operator
N = dYon @Z)J;i/)n There is a general property that relates commutators containing a product
to either a sum of commutators or a difference of anti-commutator

[ab,c] = a[b,c], F|a,c|.b. (1.30)



For both bosons and fermions it then holds

[szﬁib] :Zw;iﬁlﬂﬁm :Z 1&; [&lﬂﬁjz]j: :F[AT7 An]i&l :772;[1 (131)

l l
5ln

[Nﬂﬁn] = Zw};d}lﬂﬁn] = Z Tﬁmi + [lﬁaf‘;n]i f‘[}l = _Qﬁn (1'32)
l l :l:(;
In
which is why we call them raising/lowering (in general ladder) operators
N"EIL :1&11(](7+1)7 Nq[’n:i)n(Nfl) (1'33)
1.8 Differences between bosons and fermions

Bosons Up to now we only talked about them having the same properties, let’s now talk
about what’s different between bosons and fermions. We already know the rules for bosons,
since they’re the same ones that (multiple) harmonic oscillators would have

i, 01 = Wi, dll =065,  [0],9]] = i, ] =0 (1.34)
. (o)
¥;0) =0, 71, e, ) :HMW), n; € N (1.35)

=1 Vi
Notice that the many-body state being created is symmetric because [@ZA)ZT, @ZA);] = 0.

Fermions For fermions the rules are different. The anti-commutation algebra is

So altough there is a vacuum state zﬁ,]()) = 0, it is also true that

@ = Sddit =0, @) =58l df =0 (137

This means that we can raise only once a particle out of the vacuum, if we try to do it
again we will get zero. Said in another way: contrary to the harmonic oscillator, here the
ladder has only two steps. We have indeed already encountered this in QM, because ladder
operators built out of Pauli matrices have the same anti-commuting algebra as fermionic

field operators

1
o, = —=(0, £ioy) (1.38)

V2

1 . . . .
{o ,0_}= 3 (0 +ioy)(oy —ioy) + (04 + i0y)(0z + i0y)]
(1.39)
=3 (O'x — iy, 0y) + UZ + Ji + i[og, 0y + 05) =1.

In that case the eingevalues of the z-component of spin were constrained between the two
values +1/2 (but it held in general for every angular momentum that J, = —J, ..., +J),
wile in this case it is the occupation number that can only be 0 or 1.



A general fermionic state can then be written

oo

n1,on, ) = [J@H™(0), ni e {0,1} (1.40)

i=1

which is anti-symmetric because of the algebra {12)2- , 1/3}} = 0. Given that there is an overall
sign ambiguity, we stick to the convention that

1&3|n1, vy Ny > = (—1)21(1 — ni)]nl, ey My + 1, >
’L&Z"Tbl, ceey Mg, > = (—1)Ei n; \nl, ey Ny — 1, >

having introduced a parameter that counts how many states are occupied up to the one we

(1.41)

want to change
i—1
j=1

1.9 Interactions

The natural generalization of second quantization to two body operators is

V=g [ [ @ S V= )il @ @) (@) () (1.3

The Fourier harmonics are
Po(z) = / (;i:;g e e, with {re, ey i} = (27)%0(k — k)00 (1.44)
Vie—a) = / (;fgg == 7 (g) (1.45)

so in momentum space we can write the interaction as

V=3 ZZCM (1.46)

kk’q oo’

which is quite intuitive to understand: two particles are destroyed and two new particles are
created with a momentum shift of ¢, that’s the second quantization description of 2-particles
collision!

1.10 Free electron gas
r

Consider an Hamiltonian where every mode has an energy ¢, =

HO ="l tro (1.47)
k,o

From Solid State theory we know that at low temperatures (7' < 10*K) the states occupied
by an electron look like a sphere in momentum space (so called Fermi sphere), with radius
kr. We can construct a state called Ground State

= 1] &.

‘k|</€p,

0) (1.48)



We can relate the Fermi momentum kg to the density of electrons taking the expectation
value of N on the Ground State

3
— (G sl G) = Zv/ (;r’;@m@ ~
k,o o

d3k 1 4
:21//( O(lk| — k) = 2V ATy

2m)3 (2m)3 3
N
kY =3r%— 1.49
F m % ( )
In the same way we can get the average energy
2V R2k?
= (G|H|G) = k5, —O(kl = kF)
Vh? Vh2 k>, Vk:3 3
= P = -N
8wdm 0 (K) = om?m 5 sm2 L 5 F



Appendix A - Spin % Heisenberg chain

Single spin We can exploit the fact that the raising/lowering spin % operators built out
of Pauli matrices have the same algebra of fermionic creation/annihilation operators

1
o, = —=(0, £ioy)

V2

1

{o,, 0} =5 (0x +ioy)(0n —ioy) + (04 +ioy)(0p +ioy)]

(0920 — iy, 0y] + Ug + 03; + i[og, 0y + 05) =1.

DO = o

So now we call the spin raising/lowering operators fT, f and we say that their action is

foy =foy=0,  fly=[1=m, fim=o0 (1.50)
1

f*=<8 ;) f:<(1) 8) (1.51)
e R R I [ B S e

(=) (1.5

And we know the Cartesian components of the spin have the same commutation relations

1 0
In the representation where [1) = < >, )y = ( ), the raising/lowering operators are

2-by-2 matrices

s =g+ h  sv=

as angular momentum.

Many spins For many spins we need a more refined model, because if it were just for
spins the ones on different sites of the chain would commute, while fermions would anti-
commute. We perform a so called Jordan- Wigner transformation: for each site j we then
define a new phase operator

ng:WZTALl:WZfZTf[ (1.54)

I<j I<j

such that the new spin ladder operators are a fermion times a string operator
ST = f]Tewj, S: = fie ' (1.55)

and the z-component is still
|
‘gzﬂﬁ—§. (1.56)

It’s important to note that the string operator is hermitian

Rp—— (1.57)

~10 -



since the outcome of applying it to a state is either to leave it unvaried or to change the
sign.

Let’s study the algebra of these new operators. First we look at how the complex phase
given by the occupation operator commute with fermions annihilation operators

ez’rrﬁj fj‘nl,--~7nj7---> — eifrﬁj [(_I)qumnj’nh,_,nj — 1,...>}

, (1.58)
- em—(nj_l) |:(_1)Zl<j nlnj|n17 sy Ty — 1’ >i|
fj Giﬂ-ﬁj ]nl, -y g,y > = fj [eiﬂ-nj \nl, ceey g,y >]
. (1.59)
= e [(—1)Zz<1"lnj|n1,...,nj — 1,>:|
so they are the same except for a e™"™ = —1, which means they anti-commute
— {'™ ,fj} =0 (1.60)

Notice that €™ = e~ so if we take the hermitian conjugate of the last expression we
get
imh;  FTy
{e™™ ,fj} =0 (1.61)

Where instead for [ # j we would’ve gotten

e fj’nl, ey Ty ) = €T [(_1)Zl<j Mnglng,omg =1, >}

. (1.62)
=™ [(—1)Zl<]’ "njlng,...,n; — 1, >}
fj ei”m ]nl, - Mgy > = fj [ehmj \nl, -y Mgy >]
. (1.63)
= '™ [(—I)EKJ‘ "njlng,...,n; — 1, >}
that are exactly the same, which means they commute
e, =0, @™ fll=0  Vi#j (1.64)
Finally, for the string operators we get, if [ < j
et fj]nl, My e) = el -1 [(—1)Zk<ﬂ' "knjilng,...,ng — 1, >}
— eim(nat A1) [(_1)Zk<j "englng, .. nj — 1, >] (165)
— eiﬂ'(n1+...+nl,1)eiﬂ'(n1+...+nl+...+nj,1)nj’nI’ . n] _ 1’ >
= e”(”ﬁ”*nﬂ'*l)nj]nl, oy —1,.0)
fj i N1, My ) = fj [em("ﬁ“'—i_m’l)\nl? oy My een)
= eim(nt..tni-1) [(—I)Zk<j ”knj]nl, g — 1,00 (1.66)

= em(”ﬁ“*”l—l)em(”1+“'+”j—1)nj|n1, vy — 1, )

= em("l""“""nj—l)nﬂnl, Ny — 1, >

— 11 —



while if [ > j
el fj]nl, My e) = e T i1 {(—1)Zk<ﬂ' "Enjilng, ...on; — 1, )]

= efmntomaTh [(—1)2’“]' "rnglng, .,y — 1, >]

(1.67)
_ eiﬂ(nj+-‘.+nl7171)nj|n1’ wonj —1, )
_ _eiﬂ(nj+...+nlfl)nj‘n1’ wong—1,.0)
fj ei(i)l i, ..., nj, ) = em(nj—’_m—knl_l)nj’nlv ey — 1 ) (1.68)
and we would get the same results for fj . So in general we get
€, ] =%, il =0, ifl<j (1.69)
(e, [y ={¥ =0, ifl> (1.70)

Now we can confirm that our choice of writing the spin ladder operator as the product of
a string times a fermionic creation/annihilation operator was right. We need for the spin
ladder operators of different sites to commute

57, 55] = [f{ei® | fiPeion] = [e9 fD | D eidn] (1.71)

if j <k
(3 i1=0.[e'% ,f{P1=0
[SE, SE) = 9D, D] + (e, f ”’k]fﬂ

. (1.72)
=% (7)) Py et = P (7D ey =0
=0, fermi =0
while if j > k
=0, fermions =2¢i% fﬁ)
.7 /\’ A .7
[S]:t ’Sl:ct] — ezd)j {f](T) 7f]ET)} equk _ zqﬁjf {f(T) zqﬁk}

+ {ei¢j 7fl£T)} ei¢kfj(’f) . flgT) {eubg 761@9} fj (1.73)

_ 2J21£T)eiq§j ez‘qufj(T) _ 2]?5)61@- eiqSkf](T) —0.

Now we study the spin-spin ferromagnetic interaction
J

H=-2%" (5;15 + 575 ) J, Z e (1.74)

J

substituting the fermionic and string operators (Fermwmzatwn)
J e S S R 1 R 1
H=-5 Z (fT ePrrel® fi+ f;d%d%“fﬁl) — Z <”J’+1 - 2) (nj - 2>
j

o 1.1 1
= _7Z< _HeZ " f; —I—f;»fel njfj—i—l) J. Z <”J+1”J By 2"]+1 + 4)

(1.75)

- 12 —



In the first term f; Jrle”ﬁf fj we are annihilating a particle in site j so the occupation number
is n; = 0 and ¢’™j = 1. For the opposite reason, in the second term f;e”ﬁj fj+1 we are
creating a particle in site j so the occupation number has to be n; = 0 in order to not give
zero when f]Jr is applied to it, this means e/ = 1. Ignoring the constant term we finally
get

J

e L5 (ot i)+ 50 T 70
J J

so the zy-component of the Hamiltonian becomes an "hopping" term, there’s a probability
amplitude that a particle will be annihilated on one site and created in a neighboring one.

~13 -



2 Second Quantization Perturbation theory

2.1 Interaction picture

If the Hamiltonian is made up of the free one plus a perturbation H = Hy + V', we define
the states and operators in the Interaction (or sometimes called Dirac) picture to be

[¥1(t)) = e[ (1)

O (t) = ettt Qe~iHot 21)
If we now look at the time evolution of the state
(1)) = e (') = em MY [y (t)))
eiH0t|w(t)> _ eiHQteftheth’efiHot’|w1(t/)> (2 2)

U®UT()|r(t))
St t)wr(t))

— [1(t))

where we have defined S(t,t”) to be the Scattering matriz. The time evolution of U(t) is

oU(t o , -
— _eiHotHoe—th + eiHotHe—th

_ (iHotyy o—iHt (2.3)
— eiHotVe—’iH()t eiH()te—th — V[(t)U(t)
—Vi(t) =U(1)
so it’s also true for the states
.0
i 10r(t)) = Vi()[¥r(1)) (2.4)
and for the Scattering matrix
0 / /
but from now on we’ll always assume operators to be in the Interaction picture.
How do we solve 2.57 If we just try to integrate we get the recursive equation
t
St t)y=1- z/ dt1Vi(t1)S(t1,t)
tl
t t1
=1 [Lanvite) (11 [ vt ) (2.6)
t t!

t t t1
:1_1/ dt1V1(t1)—/ dtl/ dtaVi(1)Vi(t2) + O(V?)
t t t

— 14 —



Let’s look at the second order of the expansion in more detail

t t1 1 t t1 t t1
/dtl/ dtQVI(tl)w<t2)_2U dtl/ dt2v1<t1)v1(t2)+/ dtl/ dtQV[(tl)VI(tg)]
t! t/ t! t! t! t/

[/t,tdtl /t/tdtzvl(tl)vl(h)e)(tl —tz)—ir/tltdtz /t/tdtl‘/[(tQ)V](tl)@(tg—tl):|

1
=3
;/ i / dta [Vi(t)Vi(t2)O(t1 — ta) + Vi(t2)Vi(t1)O(ts — t1)]

(2.7)

which is the definition of tzme ordering for bosons, so

t1
/ dtl/ dtQV[ tl V[ tQ / dtl/ dtQT V[(tl)V[(tQ)] (2.8)
t/ t t! t/

Time ordering Given an ordered set of operators at different times {O;(¢1), ..., On(tn)},
we define the time ordering operator to act like this on the product of the operators:

Op,(tp,) .-.Opy(tpy)

sgn(P)Op, (tp,) ...0py (tpy) (2.9)

T[O1(t1) ...ON(tN)] = {
where P is the permutation that orders the operators with respect to time: tp, > ... > tp,.
It can be shown (via induction) that every order of the expansion can be written in terms
of time ordered powers of V;, such that

S(t,t) /dt /dt TVity) . Vi(ty)] = T et Jor drVi(®) (2.10)
t! t!

nl
nO

if you want to sound like a person who has nice geometrical intuitions you can say that the
factorial on the denominator comes out because we're "just integrating on triangles".

~15 —



2.2 Driven harmonic oscillator

Consider a parturbation V(t) to the hamiltonian of the harmonic oscillator

1
Hy=w <bTb + 2) . V() =Z(t)b+b2(t). (2.11)
We are interested in calculating the probability amplitude that the system is starting in
the ground state in the remote past and it’s still there in the distant future

(0]S (00, —00)[0) = (0T e * /"o #EOVHT=(0] gy = gz ] (2.12)

where we look at S as a funtional of Z(t), z(¢). If we were considering just a finite interval
[—7,7] we could divide it into N pieces of equal length [79, 7], ...[Tn—1,7n], With 7; =
—T 4% = -7+ jAT

S(r,—71) = S(rn,TN-1) ...5(71,70) (2.13)

and if AT < 27 we can approximate

S(Tn, Tn—1) & e~V (T)ATHO(AT?) (2.14)
such that we introduce a new quantity Sy that will converge to S(7 — 7) for small time
steps

Sy = e~V IWBTEmViN )BT ~VAT Ly g oy (2.15)
AT—0

We now write the exponents as a difference of two new operators

A, = —izZ(7)b(1 ) AT, Al = iz(1,)b (1) AT (2.16)
—iV(m) AT = A, — Al (2.17)
Sy = elAv=A8) _(41-4]) (2.18)

where we remember the time evolution of the creation/annihilation operators is
b(7,) = be ™ b (7)) = ble™, (2.19)

The commutator [4,, A;[] = 2(1.)2(7) [b(7), b (7:)](AT)? = 2(1)2(7-) (AT)? is a c-number,
so according to the BCH formula

.
cAr—Al-[4r,Al)/2 _ A, —A] (2.20)
e~ Al A—[AL A2 _ —Al A (2.21)

T T T T T
eAT—AT — eAre_Are[A'mAT]/Q = e_AreAre_[AT’AT]/Q (222)

where we can stop at second order because higher orders are zero, given that they would
contain commutators between an operator and (the identity times) a number. Putting 2.22
in Sy we get

SN = e~ Al eAn | e AlgA1e= T ArAll/2, (2.23)

~16 —


https://en.wikipedia.org/wiki/Baker-Campbell-Hausdorff_formula

Let’s now look at the commutator for different indices
(A, Al] = (AT)22(7,) 2(75) [pbe =T bT 7]

= (AT)25(7,)2(7s) e (=), (2.24)

we would like to move all the terms in 2.23 with A, to the right of the terms with —AI, SO
using again 2.22 (but with different indices)

At _at _ t
eAremAs = e AseArem[ArAs] (2.25)

and substituting this into S a lot of times, we can get
Sy = e_AjVeAN ...e_A;E’eA?’e_A; eA2e_AI eMe~ POMERHIZ:
N ——
= e_A}‘\’eAN ...e_AiT’) 6A36_A£ e_AIeAQeAle_ ZT[A“A’T”]/%_[AQ’AH
N ——

—AL AN o—AL —AL A5 —AT LA AL~ 2, [Ar, ATl 2 ,—[A2,A]-[A45,A7)
N ——

— AN AN oAl AL AL A5 A2 AL = 3 AR AlL/2 o~ A2, Al —[45,A]]-[45,4]] (2.26)

frd e_ z'r Alle A7'e_ ZT[A7'7A71:]/26_ ZT>S[AT7A£]

— o S AL A = T (1-80s/2) (A, Al

where we’ve also used the fact that [A;E, Al] = [A,, As] = 0.

Let’s look for a moment at what is the action of the operators A, A;[ on the vacuum. Using
the properties of the creation/annihilation operators b|0) = 0 and (0[b" = 0, from 2.16 we
see that the same holds for A, A,J[

A|0) = —iz(7,)e”“Tb|0) = 0, (0] AT = (0|bTiz(7)e™™ =0 (2.27)

so when we exponentiate them we get

1
er]0) = (1 + A+ §AE + ) 0) = |0),

(2.28)
A} Logty2
(Ole = (0] 1—Ar+§(AT) +...) =0
We now have all the ingredients to consider the expectation value on the vacuum?
(0|Sn|0) = (0]e™ ALY, A |0)e™ 55 (1=67s/2)[Ar, Al]
= (0] H e—AI H eAr 0)e~ s (=6, /2)[Ar, Al]
T T (2.29)

= (0]|0)e™ s (1=0rs/2)[Ar, Al

— e~ Zrzs(1_57“5/2)(A7')22(77")Z(Ts) emiwlrr=rs)

We can switch from e=r 47 to I, e“" because in the BCH formula we don’t get any extra term given
by commutators, since [A,, A;] = 0. The same holds for Af.
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where in the end we have substituted the value of the commutator 2.24.

Taking the continuum limit for N — oo (that is A7 — 0) we can turn the double sum
constrained on times 7, > 7, into a double integral with a step function that constrains the
integration on times ¢t > #'. Also we have that §,s — A7d(t —t')%, so when AT goes to zero,
we can ignore this term

(0[S(r, —7)|0) = exp { — /_ : dt /_ T A 20t — t)e W) L (¢)) (1 N t’))

—_——
—0
(2.30)
and at last we can take the limit 7 — oo
S[z, 2] = (0]S(c0, —00)|0) = e ¢ o0 U S Z0 dHZOG(E—t)=(H) (2.31)
where we define the so called one particle Green’s function as
Gt —t) = —iO(t — t') e~ =1, (2.32)

2.3 Wick’s theorem

Taking functional derivatives of S|z, z] with respect to z and z gives us

g 0 efifdtfdt’z(t)G(tft’)z(t’)

H(t)s ~6z(t)

=S x {—z’/dt’G(t - t’)z(t’)} (2.33)

52 .
SO0 |
but also
L — ot J ' [Z(t)o+bT ()]
52(t )S 550 )<O’T Jl0)
~i{0[Sb(t) 0} .
52 o
Sa@yeEn) |, ~ OOy

so we get an operatorial expression for the Green’s function
G(t —t') = —i(0|Th(t)b' (t')|0). (2.35)

In general we could take a 2n-order derivative

52n

52(1752(2)..05(1)05(2) "

_ “T AYAEEL
. (0] Th(1)b(2)...b1 (2/)bT(1')[0) 256

= (-)"G(1,2,..n;1",2',....n")

2To convince yourself of this, look for example at Coleman’s equation 2.111, where Aq = Qf”, SO even

there he got §, — Agd(qg — ¢'). In our case though, we're treating times instead of momenta so we have
to multiply our Dirac’s delta by the time step Ar.
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where the last one is the n-particle Green’s function
G(1,2,..2n;1,2,...,20") = (—i)™(0|Th(1)b(2)...bT (2")bT (1')]0). (2.37)

Let’s say we differentiate 2 times with respect to zZ and then 2 times with respect to z

2
52(2()552(1)5 = S[z, 2] x (—0)%[(G 0 2)(1)] x [(G 0 2)(2)] (2.38)
53 _ . . /
52 (1)02(2)02(1)" =5[z, 2] x (—2>2{ —i[(Zo Q)] x [(Goz)(1)] x [(G 0 2)(2)]+ (2,30
+G(1L-1) x[(Go2)(2)]+[(Go2)(2)] x G(2- 1’)}
54

- (4)2{G(1 —1)G(2-2)+ G2 - 1)G(2 — 2’)} (2.40)

52 (11522 05(2)05(1) -

so the 2-particle Green’s function is
G(1,2;1,2)Y=G(1 -1)G2-2")+ G2 -1)G(1 - 2)). (2.41)

In general, for the n-particle Green’s function, we would get the sum over all the
permutations

G(1,2, ;1,2 ) = S J[ Gs — FY) (2.42)
P S

with this result being known as Wick’s Theorem?.

2.4 Green’s functions

Up to now we’ve considered Green’s functions for a single harmonic oscillator, in the many
body case we need more degrees of freedom. The one particle Green’s function can be
written as

G (t —t') = —i(¢| Ta ()], (1) |6) (2.43)

with ¢ being the many-body ground state and v (t) is the field in the Heisenberg represen-
tation and

oaw] () t >t
TYA (1) = (2.44)
:tl/)i/ (t)a(t) t' >t , bosons/fermions.

For example in a traslationally invariant systems can use spin and momentum as indices

Groto!(t —t') = Oppr05er Gkt — ') = (21)36%(k — k')0y0r G (K, t — 1)
= —i(2m)%6° (k — K)05or (0| T ko (1)UL, (¢)]0)

3Despite the anglopohonic sounding name, my man Gian Carlo Wick was an Italian physicist.

(2.45)
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whereas in real space it would become

Goo'(x — 2"t — 1) = 0,0 G(x — 2/t — 1)
= —il5or (¢ To (z, )0) (2, )| 6)

of course the relation between the field operators in the two representations is

(2.46)

o(z,t) = /k Vpo (1) (2.47)
so we can connect the two representations of the Green’s function
Gla—a't) = =i [ [ (6T (0, (0)g)e )
/ S Gk, t — t/)e!Fo=k'z) (2.48)

/Gk‘t zk:(xw)

We could even Fourier transform the time dependency

Gk, 1) = /_ - %G(k,w)e‘iwt (2.49)
Gk, w) = /_ T Gk, e (2.50)

which we will call the propagator, so that we can relate the amplitute probabilty in real
space-time to it by

d3k dOJ . / /
Gla—a t—t) = / DR o s, )eilhlz—2)—w(t—t)
—i(@|To (2, )] (2, )| 6)
2.5 Free fermions case

Taking a gas of free fermions in its ground state |¢p) at T, in the grand-canonical ensamble

we have
Hy— uN = ;ekczack‘o, € = o €F (2.52)
Nea

with the ground state being

0)= T et l0). (2.53)

‘k|<kp,(7

We want to write the Green’s function, which we know takes the form

Gkt —t') = =i(g|Tere (t)ch, ()]9) (2.54)
where the effect of the time-ordering operator is

Tere(t)el, /(1) = cro(t)el, , (1)YO(t — ') = ¢l . (1) ere (1Ot — 1) . (2.55)
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The time evolution of the operators is
CLO’(t) = C]TcaeiEkt ) Cka(t) = Ckae_iEkt (256)
so the expectation value on the ground state, if ¢ > ¢/

(Dl (1) (E)]0) = B O™ ) (Glcoct | )
_ 500/5kk167¢6k(t7t0<¢|1 _ C;t;gckcr!@ (2.57)

= 500/5kk/€_i5k(t_t,)(1 — ’I”Lk)

while if t < ¢

(Dl () ko (£)|6) = ot Oppre ™+ Dy (2.58)
Putting everything inside 2.54 we get, for the case of t' =0

G(k,t) = —ie~iert [(1 —n)O(t) — nk@(—t)} 50
= —ie [0k — kr)O(t) — O(kr — k)O(-1)] '

where the first term is the forward propagation of a particle, while the second term is the
backwards propagation of an hole. We can put them both in a single expression such as

—ie Ok —kp) t >0,
G(k,t) = (2.60)
ie Ok — k) t<0.

Now we can Fourier transform the time dependence to get the propagator

Gk, w) = —i /OO dte’@er)t [@(k — kp)O(t)e ™ — O(kp — k)O(—t)e’

—0o0

> y y 0 . .
= —Z@(k‘ _ kF)/ dtel(tu—ek-l-zd)t + Z@(k’F _ k‘)/ dtez(w—ek—zﬁ)t
0 —00

[ O(i—kp) _ O(r ) (261)
- i(w—ep+10) i(w—ep—1i0)

_@(k—kp)+®(kF—k)_ 1 +if k> kg,

C w—€,+i0 w—€p—1i0 w—eptid —ifk <kp.

where we added a regularization term to avoid infinities, but ultimately we would like to
have § — 0. Another short-hand notation could be

1

k =
Gk, w) w— € +idy

5k = sgn(k: - kZF)5 (2.62)

Exercise - Calculating the average density of fermions with spin s

(5(@)) = (]S 0 (@) (2)]) (2.63)
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The trick is to write the operators as slightly delayed in time and then introduce the time-
ordering operator, to make it become a Green’s function. Since in the Green’s function we
would have T (t)7(0), the time-ordering operator will commute them (and add a minus
sign) if ¢ is an earlier time then 0, so let’s make t a very small negative number —§

(@) = (Dlwh(w,0)¢0(x,07)|0)

g

= — [ _ T
Jim §Uj<¢|T¢g<x, 0)¢k(x,0)|9) (2.64)
=—i(2s+1) lim G(0;—-9)
0—0 ~—o—~
G(x—x;—5—0)
Let’s now calculate the Green’s function as the Fourier transform of the propagator as in
2.51
3k d - d*k d iwd
G(0;—8) = /wG(kz,w)eM‘; - / A
(2m)4 (2m)* w — eg + i
d3k eiwé (2'65)
_ [ 4k AT, e .
/ (27r)4@(k‘p k)2mi Res |:W_€k i w = €}, + 10

where § > 0 so we need to close the integration in the upper complex semi-plane, so we
only take the k > kp part of the propagator and pick up the residues of the poles with
positive imaginary part

G(0;—0) = / ﬂ@(k)p —k)2mi  lim (w—e — ié)L_
’ (2m)4 w—>ep+id w— € — 10
(2.66)
: 3
—— o i | KdkO(kp — k) = #%ﬂ 3 = zé%
Putting this back into 2.64 we finally get
13
n={(p(x)) = (25 + 1)# (2.67)
so for electrons (spin 3) we get the well known relation
kd = 31%n. (2.68)

2.6 Free bosons case

For a gas of free bosons the Hamiltonian is
1
H = Zq:wq (bgbq + 2) (2.69)

where the creation/annihilation operators are related to the field operator by

b iqx bT fiqa:> )
\/ meq/ et bt
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For bosons the ground state is the vacuum |¢) = |0), so when we take the expectation value
to get the Green’s function (which we call D(z,t) in this case)

D(x —a',t) = —i(0|T¢(z,t)¢' (2',0)[0) =

2.71
= —i {(0l6(2,1)6' 2/, 0)0(1) + 6! (o', 0)(x, ) 0)O(~1) | 21
and substituting the Fourier transform 2.70
. h d3q d3q/ ; ;
iz / e / G O (by0) 51, 0)) (8], + by ) O+
n (bj] n b_q/> (bq(t) n bT_q(t)) @(—t)}\0>ei(qw—q’a:’)
ok d*q f () o—ig i iwq ig(e—a’) 2.72
= i / W(O]{bqbq@(t)e Lbo bl O(—t)e t}]O)e q (2.72)
— d3q . h —iwgt iwgt ig(z—a’)
N / (2m)3 {_Zmeq <®(t)€ +0(=t)e >} e '

D(q;t)

We can get the propagator doing the last Fourier transform, as usual adding a regularization
term with 0 > 0, so that we have

D(q,v) / dt (@(t)e*iwqt + @(_t)eiwqt>eiyt76‘t|

2miwg J oo

0 0
_ h (/ dt ei(u—wq+i5)t + / dt ei(u+wq—i5)t>
2miwg \ Jo o (2.73)

_h 1 . 1
C 2mwy \ v — (wg —i0)  —v — (wy — i6)

Emission Absorption

where we see that the propagator is made up of two terms: the forward time propagator
which we call the emission term and has a pole in ¥ = w; — %0 and a backward time
propagator which we call the absorption term and has a pole in v = —w, + 6.

2.7 Adiabatic ignition of a potential - GML Theorem
Let’s examine the case of of a potential
H(t)=Ho+At)V,  A(t) =e I (2.74)

so that 74 = ¢!, At t = —oo the ground state of the system, which we call |—oc), is the
same as the ground state of Hy and if we evolve in the Heisenberg picture, it doesn’t change
in time (like all states in the Heisenberg picture). Now, remembering that the Scattering
matrix is

S(t,—t) =U@)UT(—t)  with U(t) = e'HoteiHt (2.75)

we can write the scattering matrix in the interval (—oo,t) as just

S(t, —o0) = U(t). (2.76)
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Notice that |—oco) is an interesting state, its evolution in the interaction picture is

[$1(t)) = ey (1)) = eote™ | —o0) = U (t)|—o0). (2.77)

(remember that |—o0) it’s in the Heisenberg picture!). Also, the time evolution of operators
in the Heisenberg representation is

An(t) = ottt —iHot jiHot 4, —iHot ,iHot ,~iHt
_ ethefiHotAI(t)eiHotefth (278)
=UT()A (1)U (1)

so we can write the expectation value of a bunch of time ordered operators (at times

t1 >ty >...>1,) as

(| A(t)B(ta)...R(t,) ) g =
= (—oo| U'(t1) Ar(t))U(t))U'(ta) Br(t2)U(ta)... U(t,_1)UT(t,) Ry(t,) U(t,) | —oc0)
S—— —_—— —_— N/

ST(tl,*OO) S(t17t2) (T 1:t7‘) S(th_oo)
= (—00[ST(t1, —00) Ar(t1)S(t1, ta) Bi(ta)...S(tr—1, tr) Ri(t)S (¢, —00)| — 00).
(2.79)
Now we can get the state at t = co via the Scattering matrix
S(00,t1)S(t1, —00)[—00) = |+00)
S¥(00,t1)S (00, t1) S(t1, —00)|—00) = ST (00, t1)|+00) (2.80)
1
so taking the hermitian conjugate
(—oo\ST(tl, —00) = (+00|S (00, t1) (2.81)
which we can put into 2.79 to get
(WAL Blt2) R () ) = os)
= <+OO’S(OO,tl)A[(tl)S(tl,tQ)B](tQ)...S(tr 1,tT)R[(tT ( — )‘ — >
and we can write this one as the time ordered version of
= <+OO|T[S(OO,t1)...S(tr, —OO)A[(tl)B[(tQ)...R[(tr)]| - OO> (2 83)

= <—|—OO|T[S(OO, —OO)A[(tl)B[(tg)...R](tr)]‘ — OO)

This was the most delicate step of the calculation: to see why the sign remains the same
when we introduce the time ordering, we need to think back about S as a product of two
U operators, then we can commute for free every operator Ry(t,) with U(t,) since they are
at the same time. The right hand side of 2.82 then becomes

(+00|UT (t1)U (1) Ar (t1) U (t2)U (t2) By (t2)...U (t,)U (t,) Ry (t,)| — 00) (2.84)
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from this one we see that to take all the U’s to the left, it takes an even number of
transpositions: two for UT(t2)U (ts), four for UT(t3)U (t3), six for UT(t4)U(t4), ecc... so even
for fermions the sign in front of 2.83 is a plus. We obtain the (almost final) result

(B[ A(t)B(t2) R(t)|6) 1 = (+00|T[S (00, ~00) Ar(t1) By (t2)... Ry (tr)]|—00)  (2.85)

If the adiabatic principle really holds, then the final state |+o00) is the same as the starting

one |—oco). It is usually a convention to call this phase e?%, so that |4+o00) = €?®|—o0) or

{(zoo| _ (=]

(00| = 7 (—o0| = (2.86)

(—ooloo) — (~00|S[e0, —o0]|—o0)
and inserting this expression into 2.85 we finally get the Gell-Man and Low theorem

(—o0|T[S(00, ~00) A(t1) Bts)...R(t,)] | —o0)

(—00|So0, —o0]|—o0)

(2.87)

(Y|T[A(t) B(ta) ... R(t )Y i =

where we have put the time ordering also in the left hand side since it was our first assump-
tion that the operators were time ordered.

2.8 Spectral representation of the propagator

We define the spectral function
1 .
Ak, w) = —Im{G(k,w —i0)} (2.88)
m

now using Cauchy’s principal value equation

1
w — 10

1

=P <> +imd(w) (2.89)
w

so that if we introduce the new spectral representation of the propagator

G(k,W) _ Z |M>\(kj)’2

3 w — €y + 10y

= Alk,w) =Y [MA(k)Po(w — €2)

A (2.90)
=3 [|<Archr¢>\2e<w> + |<Arckar¢>\29<—w>] 3(Jw| — (Ex — Ey))
A
= e(w)pe(kvw) + 0(_w)ph(k7 _w)
such that
pe(k,w) =Y [(Aeh, |9)*6(w — (Bx — Eg))  (w>0)
A (2.91)

pn(k,w) =Y [(Nero|9)Po(w — (By — Er)) (v >0)
A
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Now we can expand the Green’s function as follows

Gk, t) = —i(@lers (t)cf, (0)0(t) — cf,, (0)cro (H)0(~1)[)
= =i > {Blens (DN (Alel, (0)18)0(8) = (Ble],, (0) | (Newo ()] 6)0(—1) }

A
= —i 3" {0l e TN (Nel,,[0)0() — (Blef, 10 (N erpe6)0(~t) }
A
= =i 3 {1, o) P BN G (1) — [(Neg o) Pe A0 p(—t) }
A
(2.92)

so now Fourier transforming and introducing the regularization term o

B [(Mlef, )2 [(Alcko|6) 2
G(k’w)_z/\:{w—(EAk—Eg)—l—ié+w—(Egk—EA)—i5} (2.93)
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3 Assignment 1

3.1 Pauli exclusion in metals

One dimensional gas of free electrons at temperature T' = 0.

a) The system is described by the Hamiltonian

" | - - --Non occupied states ,"
Y ——Occupied states ':'
. L g
Hy = > dk E Eyép, Cro » (3.1) -
o 5 ‘ "
Ey = (3.2) | |
21 1 1
—/a 7}‘471,- 0 k‘l T/a

k

at T' = 0 the Fermi-Dirac distribution can be approximated by a step function, such that

2
the occupation number is 1 up to the Fermi energy Ep = h?mkf and 0 for bigger energies.
We can then write the ground state as

oy="T[ élo) (3.3)

\k\<kp,a

b) The total number of electrons is

— (6IN]¢) = /%Zm%%w

(3.4)
_ L2/ kO (kp — [k]) = Lok
o ) F T a
_ 2
—n = *k‘F (3.5)
T

c) Consider the spin-resolved density-density correlation function

= (po()p0r(0))g = (D|P5 ()P (@), (0)ider (0)] )
= (910} @)1y (0)|9) — (S]] (0)¢o ()15 (0)|6) (3.6)

A B

()
EMM(

having commuted the two fermionic operators in the middle. The first term can be different
than zero only for ¢ = ¢’ and x = 0, then it becomes half the average density (just half
since it’s not summed on the spin as before)

A =6500(z) (Gﬁ!@(fﬂ)iﬁa(%)!@ = 050/0(2)

N3

(3.7)
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The second term can be rewritten as a Green’s function if we include an infinitesimal time
delay

= (B[] (2, 07)9L, (0, 04 )o (, 0y (0,0)|¢9) =

= <_ ) <¢‘T[¢a(1’70)¢ (

0)¥!,(0,0+)d1(z,01)]]¢)  (3:8)
-G(1,2;1,2))

where 1=(z,0,0),

2 = (O? 07 O'/) b
1= (z,0",0),

2" = (0,0%,0"). (3.9)

Now, using Wick’s theorem and the Green’s function for fermions we found at lecture

-G(1,1NG(2,2") + G(1,2))G(2,1")
—\12 _ _ (3.10)
_[G(0>O )] +50’0'/G(x’0 )G(—J},O )

¢ o0 k:F . n
G(0,07) = 27T/ AkO (kr — [k]) = i = i (3.11)
_ i [ _ike  .sin(kpz)  nsin(kpzx)
_ b N _ n 12
G,07) = o /_Oo e (3.12)
so that putting all together
~ 22 —2 ;92
0) , R A, Tsin (kpx) 313
Ca,a ( ) - 500 5( )2 4 500 4 (kF.T)z ( ' )
d) Using p(x) = py(2) + py ()
CO (@) = ([pr(a) + pu )] [p14 (0 =2 Cop ()
= §(z)A 4+ 72 — n” sin(krz)
B 2 (kpx)? (3.14)
o ~ 1 sin?(kpx)
= n[5(:ﬁ) +n <1 — Qi(kpx)Q > ]
g0(z)

. 0 0
Below are sketched the functions C’%T) (x), C’# )( ) and go(z)
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Figure 2: Density-density correlation as a function of the position: (a) for same-spin
electrons, (b) for opposite-spin electrons.

Figure 3: Function go(z) that appears in equation 3.14. The local maxima are in multiples
of m.

e) Pauli exclusion principle would be valid for two particles in the same position (and same
spin), but given Heisenberg uncertainty principle the position of a particle is not exactly
defined and we find that the Pauli repulsion is somehow valid in a range of positions Azx.
As we can see from the figure 2a, Az ~ 27 /kp.

3.2 Hartree-Fock

The full Hamiltonian is

H= Z/d?)ﬂmf(r) [ i V2 + Vo(T)] e ()

“2m

# 3 20 [dr [l = L ) )
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with the trial state being

N
WYar) = H df,[0). (3.16)

a) Let’s first look at how to change basis from the field operators to the d ones

(3.17)

+ 5 Z Z/d3 /dgrl Vee(r — 1) ok (7, 0" )@l (r, 0)pp(r, 0)pp (1 0 )d ! dﬁdﬂ/.

aa’ﬁ,@’ oo’

(3.18)

The calculation of Eyp = (Yarr|H|Yar) is somewhat similar to the one we already did
in the first exercise, taking the expectation value of the first term onto the trial state

WurlHolin) = 3 Y [ drei o) [—hv2 Yl )] alro)  (319)

a<N o

where we are constrained by the fact that only the occupied states can be annihilated by
dg and the selection rules allow only the diagonal terms to survive. Taking the expectation
value of the second term of 3.18 and using Wick’s theorem

5 Z Z/d3 &1 Vee(r =)o (1,0 )i (1, 0)0p(r, 0) o (1!, 0 ) (WL Al dsd 1)
aa’,B,B’ oo’

Z Z / R Vee (7“ - r/)@:z’(rlv O'/)(,OZ (7‘7 0-)90,3 (Ta 0-)50,3’ (rlv J/) (604,350/,5’ - 5a/,85aﬁ’>
ﬁ,ﬁ"szv v

DI I B A | N P N o N NG PG PN G0

a,a’<N oo’

(3.20)

b-c) We define the functional

F=FEyr— )Y, /d?’r €or (Z\% (r',o") —1) (3.21)

a’<N
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such that minimizing it with respect to ¢%(r, o) we get?

Vi (r)

5F h2 / / / /
e il CE L SR I0) PNCURED BB DY R AT PV RNty

a’/'<N o

—Z/ B S Veelr =)@l (1,0 ) (r,0) palr, o) — catpalr o) = 0

o’ <N

VF] o (")
(3.22)

2
S (_jmw V() + VH(r)> palr,o) - Eg: / B [Veloor (1.7 ) pa(r' o) = eaalr, o)

(3.23)
and minimizing with respect to ¢, (r,0) we would just get the complex conjugate of this
equation.

d) Looking for a moment at the so called Hartree potential, we can move the summation
signs to make it look like

Vir(r) = / ErVeelr = 1) 3 3 w7, 0 = / ErV(r —)p(r)  (3.24)

@/ <N o

p(r')

so what we’re doing is averaging all the orbitals into a single potential. In our approxima-
tion, if we try to put a new electron in the system it will be interacting with this mean
potential, instead of having two particle interactions with all the other electrons.

e) In equation 3.23, if we multiply both sides by ¢}, (r,0) and then sum on «, o and
integrate on r, on the right hand side we get

S X [ oeno = Y (3.25)

a<N o a<N

=1

while on the left hand side

> Z/d% i (r,o) [ (_Zw +Vo(r) + VH(T)) ¢alr,0)

asNe (3.26)
—Z/d37“/[VF]aa’(T, r/)goa(r’,ol)].

4The % goes away from the interaction terms because they contain two ¢*, so that taking a functional
derivative gives two terms, where the second one is just the same as the first one but with a different choice
of variable names. Since those variables are summed/integrated out, we can just rename them to make it
look the same as the first (this property is the analogue of what 9,z = 2z is for normal derivatives).
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We can rewrite Fyp with the Hartree and Fock potentials

Eyvr = Z Z/d?’r or (7, O')[ (—ZV2 + Vo(r) + ;VH(T)) oalr, o)

ash o (3.27)

1
_2Z/d3r/[VF]Ua/(r, 7"/)3004(7"/:‘7/)}
o—/
to see that the difference Eepxn = ZagN €a — Eypp is just

Fan =5 2 3 [ 6. 0) [Vt o) = 3 [ a0 Wieloo ()0, )]

a<N o
(3.28)
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4 Assignment 2

4.1 Expansion of S matrix to second order

a) The S matrix operator can be written as a perturbative series, which cut at second
order looks like

~

$(00,—00) =1 — / AV (1) - oo / dtl/ dts TV (1)V (1)} + O(V?) (4.1)
so that when it’s evaluated on the ground state I call each term
(¢0lS(c0, —00)|d0) = 1+ S5 + 55 + O(V?). (4:2)

In the case of a 2-body potential

/da:l/dasg/dtg DT ()T (22) V(@1 — 22)8(t1 — t2) Ph(22)d(a1) (4.3)

V(1,2)
the second order of the S matrix expansion is
ﬁkzgzdwwwummwmmmnﬁm@mﬂwMW%W%wmw»m>
= - 8h2 /dl d2d3d4V (1,2)V (3, 4) (ol T{e(4)(3)¢(2) (1) ()41 (2) 81 (3)4)7(4) o)
— 822 /dl d2d3d4V(1,2)V(3,4)(1)*G°(1,2,3,4;4,3,2,1)
G(1,1) G(1,2) G(1,3) G(1,4)
1 G(2,1) G(2,2) G(2,3) G(2,4)
=~ /dl d2d3daVv(1,2)V(3,4) C(31) C(B.1) G3.3) GG3.4)
G(4,1) G(4,2) G(4,3) G(4,4)

1
~32 d1d2d3 d4 {diagrams in figure 4}

(4.4)

b) The diagram in the blue rectangle in figure 4 is given by a product of two potentials
and four Green’s functions. Inserting the Fourier transform of each of them we get

G, 1)V(1,2)G(2,3)G(3,4)V(3,4)G(4,2) =
— G(kl, wl)eiw(H‘ / v(ql)eiql (x1,x2) G(kQ, w2)eik2(ngxg)efio.&(tgftg) x
k1,01 q1 ko ,w2

% G(kg’wg)eiks($3*I4)e*iw3(t3*t4) / V(q2)€iQQ(JB37(E4) G(k}4,w4)eik4($4722)
k3,w3 q2 k4 wa
—1iwyg (t47t2)

(4.5)

e
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+ +

-0+ (1D

Figure 4: All the possible diagrams that can come out of equation 4.4. The one in a blue
rectangle is the one I've chosen for questions b and c.

now integrating over d1 d2 d3 d4 as in equation 4.4 we get some delta functions which enforce

momentum and energy conservation

0(q1)0(ka — ka — q1)0(k3 + g2 — k2)6(ks — g2 — k3) %

(4.6)
Xd(WQ — W4)(5(C¢J3 — (/JQ)(S(W4 — W3)

so we get to the final expression
/ V{a0)3a0)V (42)G k1, w0) Gk, w)Glkz — g 02) Glks — quyion)  (47)
k1,w1,k2,w2,q1,q2
which corresponds to the momentum space diagram in figure 5.

Koo Co/\/\/qi/\/xo

Ko A

9
&

Saann

Ka- 9

Figure 5: Diagram in momentum space corresponding to 4.7.

c) Given the diagram selected in figure 4, we name every line (propagator) with a different
momentum variables ki, ko, k3, k4 and the two interaction lines with ¢1, ¢o. Enforcing
conservation of energy and momentum at every vertex (same as the deltas in 4.6) we
recover the same expression as 4.7. Now in the last section we had a pre factor of —%, but
there were 8 topologically equivalent diagrams so this class of diagrams had a —1 in front.
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We recover the same here given that there are two interactions so we get a (—4)? plus the
symmetry factor is 1 because every permutation of the vertices would change the relative
orientation of the arrows.

d) In figure 6 there are 3 examples of disconnected diagrams and 3 examples of connected
diagrams that would come out at second order expanding the expression

(pol T{SP(1)97(2)} o) (4.8)
{O f\\-f i i\\z’ v i Q s
L0y el

4 1

Q‘y(:\\
—_—
o/
R
"

Figure 6: Example of disconnected and connected diagrams that could arise from expand-
ing expression 4.8 at second order.

4.2 Green’s functions in the presence of an impurity potential

One dimensional metal at temperature T, the electrons are free but there is an impurity

potential
H=Hy+V (4.9)
h2k2
Ho = Zﬁkck%, Sh=—F——HU (4.10)
V= / dz ad(z — z0)d' (2))(2) (4.11)

the Green’s function for the complete Hamiltonian is
(T 191(8,0)er x(T)é) 4 (7)])
<S&(ﬁ,0)>0

a) Inserting the Fourier transform of the field operators we can get the alternative expres-

G (1 — ) = —(Tr[er(r)el, (7)]) = — (4.12)

sion for the potential

V= /da: ad(z — xo) Z é,tze_ikﬂ Z &y, ehe

kz kl
/dmZV(S x — xq)e k2~ kl)ch ,Chy (4.13)
ki1ko
= Z —i(ka— kl)-TOéT Ck
klkz
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b) Evaluating the denominator of 4.12 at first order

) 5
(51(8,0)), = 1 - /0 dr (Vi(m)), (4.14)

so using the expression found in the last paragraph we get
B
a ~ ~
(S1(8,0))y =1— V/o dr Y (el (m)en(m)),
k
a [° p A+
=1+ V/ dm Z <T[ck(71)ck(7'1 )]>0 (4.15)
0 k
—1- == Z GO

and now we can insert the Matsubara Fourier transform of the Green’s function

~ _q_ab 0 zw iwn0T _ dz e
(S1(8,0)), =1 ZG n)e =1 2/27”2—&: %

Fbwon (4.16)
-2l =1 g

having used Cauchy’s theorem and having called f(§) the Fermi-Dirac distribution.

c) Looking now at the numerator of 4.12 and doing the same expansion at first order

. A
(Tr(81(8, 0)eri(r)E] (7)) = (Tr[{1 - / ariVi(n) berslm)e] o (7)),

B
o A « —ilko—k1)z A A A A
= (T [ere(M)é] 1 (TN)g — 37 /0 dri Yy e RN (T | (1) e (T)érs(r)E o (7)),
K1k
(4.17)
where the first term is just
<T~,—[é]’k(7)é;’k/(7/)]>0 = —ng/ (T — 7'/) = _6kk"G2(T — ’7'/) (418)
and the second term becomes, using Wick’s theorem
° / an 32 e 000G (g, m), () (K, ), ()
k1kg
V/ dry Y e k2 kl)mo[ (M =TGR (T = 7') = G (11 — )G, (7 —Tf)}
kika
/ dTl Zle ) S G (1 — ) — e TR G (7 — 7)GR(T — 71)}
%,_/
Vno
= afing 5kk/G2(T -7 - %e_i(k_k,)xo [Gg * Gg,](T -7
(4.19)
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so in total the numerator is (keeping in mind there was a minus in front)
N = 6 Go(r — ) (1 — afng) + %e-i<k—k’>xo G+ GO (r —7) (4.20)

d) Now we want to evaluate the ratio N'/(1—afng), but for small & we can Taylor expand
at first order, so that

L ~ aln o?
(1 — afBno) = N(1+afino + 0fe?)) (4.21)

— G (1 — 7') = Oy Go(m — ') + %e—“’f—k’)xo [GR* GRI(T = 7') + O(a?)

e) Our end goal is to Fourier transform the last equation on both sides. Lets look at how
the two convoluted Green’s functions transform to Matsubara frequency space

B
[GR* GRI(r —7') :/ dri Go(t — 71)Gh (1 — 7')
0

B 1 . 1 .y ’
= dr — E G (iwy, e~ n(7=T) Z g GY, W, e wm(n="")

1 : o [P w 4.22
= 7 Z GO (1w )e T GY, (iw!, ) e™mT /0 dry e {Wm—wn)t (4.22)
nm
B(su?;nwn
1 . /
= = 3 GG (i)~
B
f) Now we can finally Fourier transform both sides of 4.21
LS G liwn)e ) = LS L5006y iwn)
3 kk! (Wn =3 kk' G (1wn
8 e HIRG i00,) G () )
so that at first order in o the complete Green’s function is
. _ . O _i(k—k)zo . .
Gkk/(zwn) = 5kk/Gk(zwn) + VB Gk(zwn)Gk/(zwn) (4.24)
and substituting the free Green’s function for fermions
S —i(k—k")zo
G (iton) = —F 4 2 : (4.25)

iwn — &V (iwn — &) (iwn — Exr)
g) By analytical continuation iw, — w + i, we find the retarded Green’s function

. Ok a e~ (k—K")zo
GR / n) — -
b o) = e S Y Vo — 6t 0w — & 1 0)

(4.26)
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4.3 Polarization function for non-interacting electrons

a) The imaginary-time response function is

4.27
- z ey O o)
kk'(ra”

since we’re in the non-interacting case we can use Wick’s theorem

Xo(@ ) == Y [0a0G8 (0160 (07) ~ rrqiedor G (NG (7| (4.28)
kk'co’

so if q # 0 we can keep only the second term
Z Gl qo (T)Gio (—=7) (4.29)

b) Now we can insert the Matsubara frequency Fourier transform of the Green’s functions

Z Y Gy g liwr)e ™17 Z Gl (ki ) Fm =) (4.30)

Wy

so the Matsubara frequency response function is

3 A
Xo(a, ign) = / drXo(q, 7)e" "
0

ﬁé“’lv"hn""ln
>y )G i) [ dremitrbo=a
GY iw)GY_(ik dre "\W1=Fm=4qn)7
1732 k+qa l ko /
Vﬁ ko iwy,ikm 0 (431)
=7 6 Z > Gy o (ki + in) Gy (ikim)
ko ikmy

1
I Z Z i(km + qn) = Sktq) (ikm — &)

ko ikm

which by Cauchy’s integral theorem and taking an appropriate contour C' can be written
as

f(z)
Yold, ign) = Vz]{ 270 (2 + ign — ktq) (2 — &) (4.32)

with f(z) being the analytical continuation of the Fermi-Dirac distribution to the whole
complex plane. Since f is exponential in the real line, it is periodic though the imaginary
one with the Matsubara frequencies as a period. We can now use residues’ theorem to write
the integral as a sum of the two residues over the two poles z = & and z = {k1q — iqn

f(§k+q - iQn)
Y Z (an §k+q + &k * Sktq — iGn — §k)

2 o fl&) = f(&ktq)
Z lQn §k+q + fk

Xo(q,iqn)
(4.33)
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c¢) Now we can perform the analytical continuation ig, — w + id to recover the retarded
response function

f(k) — f(€k+a)
X§ (q,w Zw_ £k+q gk)j'lé (4.34)
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